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R A D I A T I I E  E A T  TFUNSFE2 NEILY THE STAGNATION POINT 
OF A BLEJT BODY 

Z . S . Galanova 

Problems related t o  calculation of rad ia t ive  heat t r ans fe r  

near t he  stagnation point  of a two-dimensional o r  a x i s y m  

metric body i n  hypersonic flow are  considered. They are, 

xanely: 1) t he  e f f ec t  of radiat ive heat t ransfer  on con- 

vective heat t ransfer ;  2) calculation of t he  radiant  heat 

- 

flux from a ce r t a in  volume of gas toward a given point  on 

the body. 

radiation f i e l d ,  the problem i s  reduced t o  a form conveni- 

Cnder cer ta in  assumptions with respect t o  the - 

ent  f o r  computer programming. 

tained which determines the heat flux toward t h e  w a l l  due 

A system of equations i s  ob- 

t o  the  heat conductivity of the  gas and t o  radiat ion by 

using the  hypothesis of a two-dimensional p a r a l l e l  l ayer  

which i n  this case replaces the  region between the  shock 

wave and body and whose width i s  equal t o  the shock layer.  

Then, the problem of calculating t h e  radiant heat flux 

toward a cer ta in  region near the  stagnation point  of a 

sphere i s  analyzed without using t h e  hypothesis of a 

two-dimensional p a r a l l e l  layer. 

t h e  mutual e f f ec t s  of radiat ive heat t ransfer  and heat 

Formulas f o r  computing 

conductivity, and f o r  radiant heat flow t o  t h e  neighbor- 

hood of the  stagnation point are  obtained. 

s- Numbers i n  the  margin ind ica te  pagination i n  the o r ig ina l  foreign t ex t .  
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T h i s  paper considers questions connected w t h  the calculat ion of r ad ia t ive  

heat t ransfer  i n  the  neighborhood of the  stagnation poin t  of a two-dimensional 

o r  axisymmetric body i n  hypersonic flow: 

1) the  e f f ec t  of rad ia t ive  heat t r ans fe r  on convective heat t r ans fe r ;  

2) calculat ion of t he  radiant  heat f l u x  a t  a given point  of t he  body 

about which a cer ta in  volume of gas c i rcu la tes .  

Under the  usual assumptions r e l a t ive  t o  the rad ia t ion  f i e l d  ( e f f e c t s  of 

sca t te r ing ,  rad ia t ion  pressure, and density of radiant  energy a l l  assumed as 

small; gas i n  a s t a t e  c lose t o  chemical and thermodynamic equilibrium), t he  

problem reduces t o  a form convenient f o r  computer programing. 

The flow of t he  radiat ing gas between the  shock wave and the  body i s  de- 

scribed by the  NaviePStokes equations, with a radiat ion term i n  the  equation 

of energy and in the  equation of rad ia t ive  t ransfer .  Under the  above assump- 

t ions ,  these equations may be wr i t ten  i n  the  form of 

where J, i s  the i n t e n s i t y  of radiation, t h e  superscr ipt  1 r e l a t e s  t o  rays 

traveling from r igh t  t o  l e f t  (with the angle 9 varying from 0 t o  -); the  
ll 

2 

volume superscr ipt  2 denotes rays t ravel ing from l e f t  t o  r igh t  (06[=+ "3): 
oV i s  t h e  absorption coef f ic ien t ;  9 i s  the  angle between the  d i rec t ion  of the 

r ad ia t ion  and the ordinate  axis; s represents the d i rec t ion  of radiat ion.  

f lux of radiant  energy of the  \-th frequency of t he  k-direction i n  project ion 

onto t h e  i a x i s  will then be 

The 

2 



On the  boundaxy of t h e  region under invest igat ion ( i n  this case: body t o  shock 

wave), t h e  conditions f o r  t h e  in t ens i ty  of rad ia t ion  J(Y1”) must be prescribed. 

Thus, t h e  calculat ion of t he  rad ia t ion  i n  problems of gas dynamics makes it 

necessary t o  inves t iga te  t h e  e n t i r e  flow region i n  one un i t .  

this general  problem will answer a l l  questions connected with radiative heat 

I 
I 

I 
The solut ion of 

I t ransfer .  

In v i e w  of t h e  complexity of t h e  problem, various simplifying assumptions 

must be nade. 

of the  rad ia t ing  gas i n  t h e  neighborhood of t h e  axial l i ne .  

Earlier authors (BibL2 - 5)  reported on s tudies  of t h e  flow /121 
??e w i l l  use the 

I following scheme t o  describe the  flow i n  the  v i c in i ty  of t h e  f r o n t a l  point  of a 

blunt body. 

t he  e f fec ts  of curvature, pose - = 0,  and determine the  pressure var ia t ions  

i n  t h e  d i rec t ion  of the  x a x i s  by the  precise  Newton formula 

W e  will consider t h a t  the  shock wave i s  so t h i n  t h a t  we can neglect I 

rp 
“Y 

Po 
P A  

where b i s  an empirical constant equal t o  unity f o r  a sphere (BibLS),  k = -. 
For the  radiation, we will adopt t h e  hypothesis of a plane-parallel  l ayer  of ten 

used i n  as t ropwsics .  This s t ipu la tes  t h a t  t he  radiat ion i s  from a plane layer  

with constant T and P, on l i n e s  p a r a l l e l  t o  t he  boundary. In our case, we will 

replace the  e n t i r e  region between the  shock wave and the  body by a plane layer 

of a thickness equal t o  the  thickness of t he  shock layer a t  t he  stagnation 

point ,  and l e t  t h e  thermodynamic quant i t ies  vary only along the  depth of t h e  

layer .  Then, by v i r tue  of t h e  symmetry of t he  flow relative t o  t h e  oy a x i s  

( t h e  ox a x i s  i s  directed along the  body, the  oy axis along t h e  normal t o  t h e  

bo6y at  the  f r o n t a l  po in t )  and confining t h e  calculation t o  terns of t h e  order 

of x, we will have 
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(2) 
Q=P(Y), T = T ( y ) ,  h = h ( y ) ,  w=y(y), t-X1 

IL = p  ( y ) .  J!') =J!"(Y), U =  XU* ( y ) ,  A=k(y ) .  

\{e present below a?? expression f o r  t h e  radiant  heat f lux a t  the  f r o n t a l  

po in t  f r o m  a spherical  segment w i t h  known d i s t r ibu t ion  of the  parameters. A 

comparison with t h e  radiant  f l u x  from a plane l aye r  may be of i n t e r e s t  f o r  

evaluating the  hypothesis of t h e  plane-parallel  layer .  

1. T k ~ s ,  -x.der the a r s ~ ~ t i s r i s  z d ~ ~ t e d ~  &he system of equations describing 

t h e  f l o w  in t h e  neighborhood of t he  f r o n t a l  po in t  W i l l  have the  form 

with s a t i s f a c t i o n  of the  conditions of dyvnamic compatibil i ty on t h e  shock-wave 

f r o n t  and of t h e  conditions of adhesion t o  t h e  wall: 

Here Bv denotes the  Planck function; A i s  the  thickness of the shock layer ;  R i s  

the  radius  of t he  sphere; c i s  zero fo r  two-dimensional bodies and unity f o r  

axbymmetric ones; the  subscr ipts  r e fe r  t o  the  parameters: 0 beyond the  shock 

wave, w on t h e  wall, co i n  t h e  r e l a t ive  flow. The remainder of the  notat ion /122 

is standard. One of t h e  conditions (5) i s  used t o  determine the unknown thick- 

ness of t he  shock l aye r  A .  

ht us take  the  absorptance of the boundary of t h e  shock wave as equal t o  



Unity, t h a t  of t h e  w a l l  as e,  and consider t he  i n t e n s i t y  j v 2 )  ( A )  t o  be known. 

Then, t he  conditior, of balance of t he  radiant energy on t h e  w a l l  W i l l  g i - e  t h e  

missing condition f o r  t h e  rad ia t ion  Intensi ty:  

Passing t o  new variables,  we have 

On the  basis of eqs.(2), we can rewrite t he  system (3) - (L) w i t h  the  boundary 

conditions ( 5 )  - (5') i n  the fouowhg  form: 

where 

The formal solut ion of eqs.(7) with the boundaxy conditions (9) can be wri t ten 

i n  qad ra tu res .  - 
dHY . EZementary transformations w i l l r i e l d  the  following expression f o r  -. dT 



where 

The method of sol?ition of t he  system (6) with the tm-mdary zcnditiens ( 8 )  i s  as 

follows: 

system ( 6 ) ,  i n  the form of polynomials of a cer ta in  degree 

Let us represent the  functions, depending on 5 and entering i n t o  the  

Let us then expand the  required functions f and i n  series i n  the parameter Eo 

Subst i tut ing t h e  series (12) i n t o  the  system (6), we obtain recurrent equations 

f o r  t h e  determination of fp, and f o r  a rb i t r a ry  4,. 

Hereafter, we will use the  following iden t i t i e s ,  which can Se proved by 

elenentary transformations using the  method of mathematical induction ( fo r  

s implici ty ,  we will omit the vinculum over the  required functions): 

6 



where 

I ' .  s s a 4 .'. 6 I s.. 4 4 4 6 a e .  
t .  . . . . . . . . . . .  > ......................... . . . . . . . . . . . . . . . . . . . . . .  I . . . . . . . .  

(i3.2j 

The equations for the  determination of fa and h4 w i l l  have the  form 
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where 

-.sa 

, 4  
q=q,,f=O, A = 0 .  

. . . . . . . . . . . . . . . . . . . . . . .  I . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . .  

-9, 
Here, Let) (T) i s  the coef f ic ien t  of the term of degree Bo i n  the  expansion i n  Eo 
of the  right-hand s ide  of t he  equation of energy ;eq.(6)1. 

It i s  customary t o  use the following symbolic notation in wri t ing eqs.(&): 
n I 

d" 
dhm 

Here &qd i n  what follows, the  expressions a(h0) and - a(ho) mean t h a t  t he  

known funct ions a(h)  and - a(h)  = F(h) are found as functions of 7 from the  d" 
dhm 

previously determined functions ho = ho(T). Let us determine L(O)(T),  L ( l ) ( n ) ,  

.... L(W(T) ,  .... 
8 



n 

~ ~ ~ d q  
0 .  

As an example l e t  us expand in a series i n  To t h e  f m c t i o n  e' 

Elementary transformations, using t h e  i d e n t i t i e s  (13.1) - (13.2), w i l l  then 

where 

. ~ l " j - ' ~ l l ~ - n , - . . . - n ~ - ~ d ~ ,  

for which the  following symbolic notation i s  customarily used: 

1 I-n, 

Performing t h e  corresponding operations with a l l  terms i n  eq.(lO) and m a k i n g  /126 

use of the  connectivity between t h e  G t h  term of the  expansion i n  s e r k s  i n  &, 
of t h e  product ( A * C ) - , i  as w e l l  as of the know. terms of t he  eqans ion  of i t s  

cofactors  ( A ) i ;  and (C)g; (m = 0, 1, ..., /-) 

we obta in  t h e  following expressions for L ( O ) ( ? ) ,  L ( l ) ( n ) ,  
. *  t(O'(s) =0, 

L(&)(T),  0 0 . :  

. .. 

9 



where 

. . . . . . . . . . . . . . . . . . . . . . .  . . . .  . . . . . . . . . . . . . . . . . . . . . .  . . . .  

. . . .  4 . . . . ' . . . . . . . . . . . . . * .  . . .  

1G 



e n ,  -...- n;,p 

where the  sign [ !? denotes t h e  symbol derivative 

[Cl'=A, dC -&(ho), [11*y=*!g (hO)+d gw 1 
! 

Thus, the  problem of the  flow of a radiating gas i n  t he  neighborhood of t h e  

axial l i n e  has been reduced t o  t h e  solution of eqs.(U+) which, f o r  P, = 1, 

2, ..., are a sjstez; of inhcmgerieous ordinary l i n e a r  equations of t he  type 

where a l l  t he  coef f ic ien ts  a(7) and b(T) are known f w c t i o n s  of 1. 

of eqs.(&) Will determine the heat f lux t o  t h e  wall, due both t o  thermal con- 

duction by the  gas and t o  radiation. 

The solut ion 

The l a t t e r  i s  represented by eq.(l)  f o r  

k = 2 a s  

If we assme tha t  the radiat ion has no e f f ec t  on the  veloci ty  p r o f i l e  nor on 

t h e  departure of t h e  shock wave, and if we set K = const, P r  = const, t he  prob- 

l e m  W i l l  be grea t ly  simplified; i n  t h i s  case, we need only  solve the  system 

( G . 0 )  and p e r f o m  quadratures: 

11 



where 

2. We now consider the question of calculat ing t h e  radiant heat f lux i n  a 

cer ta in  neighbrhoo3 of the  leading edge of a sphere circumflowed by a hyper- 

sonich Without using t h e  p l a n e p a r a l l e l  l aye r  W o t h e s i s  f o r  the  radiat ion.  
f l o w  $ 

Let  us assume t h a t  t h e  shape of the shock wave i s  prescribed ( t o  simplify 

the  reasoning, l e t  us consider t h a t  there  i s  a sphere of radius  R + A up t o  a 

cer ta in  poin t  A(xo, yo,  zo), zo I R), and t h a t  we know t h e  gas-dynamic and 

thermodpamic parameters between t h e  shock wave and the  body. 

s p n e t q y  of t he  rad ia t ing  volume, t he  radiant  heat flux w i l l  be the same along 

c i r c l e s  with t h e i r  center  a t  t h e  c r i t i c a l  point and lying on the  sphere 1. We 

can therefore  consider t he  plane project ion of our volume i n  the first quadrant 

of t he  v e r t i c a l  plane m z  (see diagram). 

considering only those poin ts  on the sphere h this gas flow, where the  tangent 

planes t o  these po in t s  cu t  off  spherical  segments froK the rad ia t ing  volume. 

Obviously, if we produce the  tangent fron! the  poin t  A t o  t he  c i r c l e  of a radius  

Because of t h e  

Let us r e s t r i c t  the c a l c d a t i o n  t o  

R, then the  coordinates of t he  point  of  tmgency B(X, Z) will detern i re  the 

boundary of t h e  region t o  be investigated on t h e  sphere. 

t i o n s  w i l l .  y ie ld  

Elementary transfoma- 

I 

s i -  61.1, 
I 



I 

where 

~ 

and we must use here t h a t  s ign i n  t h e  formulas f o r  kL2 and b,+z which W i l l  /I22 
I 

I make XW > 0 and Z, > 0. The expression f o r  t h e  radiant  heat flux from an 
~ 

a r b i t r a r y  volume t o  an a r b i t r a r y  point has been given previously (Bib1.1). 

2 *%~gz-zyfr medcli-m it. has the  form 

For I 

I 

I I 

L e t  x1 and z1 be the  coordinates of ;t", a r b i t r a r y  point  on t h e  c i r c l e  of radius  R, 

belonging t o  t h e  region LO, X; 19, Z]. 

I 

i* 
Let  us t r a n s f e r  t h e  o r ig in  of coordinates 

t o  the  poin t  C(x1, z l )  and superpose the  ax is  ox with t h e  tangent t o  the  

c i r c l e  I at  t h e  point  C. The formulas of t r a n s i t i o n  from the  system of coordi- 

nates  v z  t o  xt$t%P will then read 

where % i s  the  angle of slope of the  tangent from t h e  point  C t o  t he  d s  ox 

We can now pass  t o  a determination of t h e  M t s  of in tegra t ion  over r, Q, 

, and cp i n  eq.(l8). I n  v i e w  of the  aspmetry of t h e  rad ia t ing  volume r e l a t i v e  t o  

the  plane xt'Cz", it i s  obx7iotls t h a t  the value of t he  angle cp lies i n  t h e  region 

13 
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. 

[- +, $1. The shock wave, as far as t h e  point  A i n  t h e  system 

i s  determined by the  ewa t ion  

where 

TI ll On var ia t ion  of (O from - 7 t o  2, the wave forms, i n  the  planes xr* = 

= ;r* t m  y ,  :pppnt.s whose a r c s  are determined by t h e  equations 

dis tance from the  point  C(x1, 21) to the  point of i n t e r sec t ion  of t he  s t r a igh t  

l i n e  z)* = 
X'* 

sin ~ 

cotan 8 w i t h  the c i r c l e  of eq.(l9). The expression f o r  r1 

then becomes 

The sign must be taken such t h a t  

- c 0. I 
Making use of t h e  s p b l i c  notation given earlier (Bibl.l), we can write 

the  expression f o r  t h e  radiant  heat flux a t  t h e  point C i n  t h e  form of 

For t h e  f r o n t a l  point,  we have cpl = 0, XI = 0, z1 = R 

where t h e  sign must be so selected tha t  

and eq.(20) can be wr i t ten  as 
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EqJation (a), together wi th  eq.(l6) pennit an evaluation of the  m o t h e s i s  of 

the plane-parallel l ayer  and a more accurate determination of t he  radiant  heat 

flux. 
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